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Abstract
It is known that twice the Casson invariant for integral homology 3 spheres is equal to the Euler
characteristic of the Floer homology group of them. Here we show that a similar result holds in
case of the Casson invariant for knots in integral homology 3 spheres. This result is obtained as a
corollary of Floer’s exact triangle. But we give a more elementary proof here. We also show that
a similar result holds in case of the Casson–Walker invariant for null homologous knots in rational
homology 3 spheres. This result is not obtained as a corollary of Floer’s exact triangle, and so is new.
These results will serve as a starting point to obtain the Dehn surgery formula for the Floer homology
groups of general 3-dimensional manifolds.  2001 Elsevier Science B.V. All rights reserved.
Keywords: Dehn surgery; Difference cycle; Admissible bundle; Spectral flow; Chern–Simons
Hessian
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Introduction
The aim of this paper is to describe the relationship between the Casson–Walker knot
invariant and the Floer homology group of 0/1 Dehn surgery along the knot.
As is well known, every 3-dimensional manifold can be obtained by Dehn surgery along
a framed link in S3. So, to compute the topological invariant of 3 manifolds, its behavior
under Dehn surgery is very important. For integral homology 3 spheres (3 manifolds having
the same homology with integer coefficient as S3), there has been constructed various
topological invariants. Casson’s invariant is one example, and the Floer homology group is
another example.
On the one hand, the behavior of Casson’s invariant under Dehn surgery is described
by using so-called Casson’s knot invariant ([2], also see Section 1.2). On the other hand,
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Floer’s exact triangle ([9,5], also see Section 1.3) describes the behavior under Dehn
surgery of the Floer homology groups [8].
At first, we briefly review these descriptions. Let M be an integral homology 3 sphere,
and let K be a knot in M . Dividing M into the tubular neighborhood of K and
its complement, and regluing them together by an homeomorphism on their common
boundaries, we obtain various 3 manifolds. Let M ′ be the +1/1 Dehn surgery of M
along K , and M ′′ be the 0/1 Dehn surgery (see Section 1.1). M ′ is an integral homology
3 sphere, and M ′′ is an integral homology S1 × S2. Let λ denote Casson’s invariant for
integral homology 3 spheres, and let λ′ denote Casson’s knot invariant, then Casson’s
formula is as follows:
λ(M ′)− λ(M)= λ′(K).
Here λ′(K) is shown to be computed from Alexander polynomial of K . This formula leads
to the well-known fact that λ(M) coincides with the Rohlin invariant of M modulo 2.
Moreover λ′(K) is known to be independent of framing of K .
Besides λ′(K), various knot invariants are defined. For example, Lin [18] defined a
knot invariant by applying Casson’s method for integral homology 3 spheres to knots
in S3. More precisely, Lin defined an invariant λCL(K) for the knot K by computing the
algebraic number of SU(2) representations of π1(S3 \K) such that all meridians of K are
represented by trace-zero matrices. λCL(K) is shown to be equal to the signature of K .
Lin’s knot invariant is generalized by using SU(2) representations of π1(S3 \K) such that
all meridians of K are represented by fixed trace matrices.
The statement of Floer’s exact triangle is as follows: the sequence of homomorphisms
between the Floer homology groups induced by the standard cobordisms
HF∗(M ′) HF∗(M)
HF∗(M ′′)
is a long exact sequence.
For both of these results, M must be an integral homology 3 sphere. However the result
for Casson’s invariant has been extended to more general 3 manifolds (rational homology
3 spheres, i.e., 3 manifolds having the same homology with rational coefficient as S3) by
Kevin Walker [22]. The behavior of the Walker invariant under Dehn surgery is described
by so called Dehn surgery formula.
Since M ′′ is not a homology 3 sphere, a particular elaboration is needed to define
HF∗(M ′′). Briefly speaking, it is defined by using Chern–Simons gauge theory for con-
nections with singularity along the knot K . Similar knot invariants are formulated inde-
pendently. For example, Collin [6] defined a gauge theoretic knot invariant HF(k)∗ (S3,K,n)
by using 3 orbifolds (S3,K,n) which is singular along the knot K with Zn isotropy. Here
HF(k)∗ (S3,K,n) is Z4 graded for each non-negative integer k  12n (which is an isotropy
parameter).
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In [21], Taubes showed the following formula. Let M be an integral homology 3 sphere,
then
2λ(M)= χ(f ),
here the right hand side is to be regarded as the Euler characteristic of the Floer homology
group for M , HF∗(M). Hence both λ(M) and χ(f ) are the number of flat connections
on the trivial SU(2) bundle over M counted with sign. HF∗(M) is defined by using
infinite-dimensional space (space of connections), and the degree in HF∗ is calculated
by a transcendental method (index of Atiyah–Hitchin–Singer complex). λ(M) is defined
by using finite-dimensional space (representation space of π1(Σ)), and the intersection
number defining λ(M) is calculated by a method of algebraic topology. Since the
contribution (±1) of each flat connection to λ(M) and χ(f ) is determined in completely
different ways, Taubes’ result is not trivial at all.
We generalize the method of [21] and apply it to Casson’s knot invariant. Our result
(Theorem 2.4.2) is:
Theorem 0.0.1. Let K be a knot in an integral homology 3 sphere M . We denote λ′(K)
for Casson’s knot invariant of K . Moreover, let M ′′ be the 0/1 Dehn surgery along K
in M , and PM ′′ be the nontrivial SO(3) bundle over M ′′. Then we can define Chern–
Simons gauge theory for PM ′′ , and we can define the Euler characteristic for Chern–
Simons gradient vector field f for PM ′′ . If we denote this Euler characteristic by χ(f ),
then the following equality holds:
2
∣∣λ′(K)∣∣= ∣∣χ(f )∣∣.
To prove this theorem, we need the following two steps:
(1) Studying Chern–Simons gauge theory on the nontrivial SO(3) bundle PM ′′ overM ′′,
the Floer homology group HF∗(M ′′) is defined also for M ′′ which is a homology
S1 × S2 [9,5]. We call such bundle admissible. Recall that Taubes [21] used the
trivial SU(2) bundle. χ(f ) is to be regarded as the Euler characteristic of HF∗(M ′′)
(Section 2.1).
(2) We show that each flat connection on PM ′′ makes the same contribution (±1) to
λ′(K) and χ(f ). For this purpose, we apply the method of Taubes with a suitable
modification, and we show that the above Euler characteristic χ(f ) coincides with
λ′(K) up to sign (the rest of Section 2).
At first, we remark the following point. To define Casson’s invariant for integral homology
3 sphere, we use an arbitrary Heegard splitting of the integral homology 3 sphere M:
M =W1 ∪Σ W2 (W1 ∼=W2).
While, for computation of Casson’s knot invariant, we must take an appropriate Heegard
splitting corresponding to the knot. In step (1), we show that the space of flat connections
over W1 with singularity along K and the “difference cycle” (which gives Casson’s knot
invariant) coincide in SU(2) representation space of π1(Σ). Since each flat connection on
PM ′′ is known to be in one to one correspondence with SU(2) flat connection over M \K
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with singularity (holonomy −1) along K , χ(f ) and λ′(K) is shown to be contributed
by the same set of flat connections. In step (2), we consider a path of connections on
PM ′′ connecting two flat connections. Suppose that the restrictions of these connections
to Σ are flat. Also we consider a family of Fredholm operators (we call them Chern–
Simons Hessians) associated to this path of connections. On the one hand, spectral flow [3]
for this family of operators on the infinite-dimensional space (space of connections) is
determined. On the other hand, by restriction to Σ , relative intersection numbers between
the difference cycle and the representation spaces of π1(W2) in the finite-dimensional
space (representation space of π1(Σ)) is determined. We show that these two methods
give the same relative sign between two critical points of Chern–Simons functional (flat
connections). The modification to the method of [21] is most apparent in the proof of
transversality and the calculation of the index (Section 2.3).
The admissible bundle is also used in [7]. Dostoglou and Salamon [7] study a variation
of the so-called Atiyah–Floer conjecture. The Atiyah–Floer conjecture implies that there is
an isomorphism between the instanton Floer homology and the symplectic Floer homology
of homology 3 spheres. Dostoglou and Salamon [7] verified the Atiyah–Floer conjecture in
case of the mapping cylinder Pf of a nontrivial SO(3) bundle π :P →Σ over a Riemann
surface Σ for an bundle automorphism f :P → P . Remark that the base space of Pf is
not a homology 3 sphere. In the symplectic Floer homology theory, the role that spectral
flow played in the instanton Floer homology theory is replaced by the Maslov index of
pseudo holomorphic curves in the space of SO(3) flat connections [20].
Similar results as our main theorem (Theorem 0.0.1) are established. For example, the
Euler characteristic of the Floer homology HF(k)∗ (S3,K,n), defined by Collin, is shown to
be equal to generalized Lin’s invariant for K .
Taking account of the Atiyah–Floer conjecture mentioned above, it is natural to ask
whether there is any symplectic Floer homology theory for the knot K . In fact, Li [17]
defined a symplectic Floer homology theory HFSYM∗ (φβ) for each braid representative β
of K . Moreover, he showed that HFSYM∗ (φβ) is an invariant of K (i.e., it is independent
of the choice of the braid representative β of K), and that the Euler characteristic of
HFSYM∗ (φβ) is equal to −λCL(K).
We remark that, although Theorem 0.0.1 follows from Floer’s exact triangle, our proof
is simpler. This is because our proof involves only linear PDE, while [5] uses delicate
analysis based on nonlinear PDE.
Moreover the following generalization of Theorem 0.0.1 to rational homology 3 spheres
is new (Theorem 2.5.1):
Theorem 0.0.2. Let K be a null homologous knot in a rational homology 3 sphere M .
If PM ′′ is an admissible SO(3) bundle such that w2(PM ′′ ) is 0 on every 2-torsion of
H2(M ′′ : Z), then we can define Chern–Simons gauge theory on PM ′′ similarly as in
Theorem 0.0.1, and we also obtain
2
∣∣λ¯′(K)∣∣= ∣∣χ(f )∣∣,
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here λ¯′(K) denotes the unnormalized Casson–Walker knot invariant for K (see Sec-
tion 2.5).
Remark.
(1) The assumption that the knot K is null homologous is necessary for definition of
the Casson–Walker knot invariant λ′(K). And as in Theorem 0.0.1, χ(f ) is to be
regarded as the Euler characteristic of HF∗(M ′′).
(2) If H1(M;Z) has no 2-torsion, then the admissible SO(3) bundle PM ′′ is uniquely
determined. Otherwise, we choose PM ′′ so that w2(PM ′′ ) is 0 on every 2-torsion of
H2(M ′′ : Z).
There are several examples of the calculation of the Floer homology groups for
3-dimensional manifolds. For example, Dostoglou and Salamon [7] calculated the Floer
homology groups for Seifert fibred homology 3 spheres. Furata [12] and Austin [1]
calculated the relative Morse index of the Chern–Simons functional between two critical
points in case of SO(3) bundles over Lens spaces. Kirk and Klassen [16] showed that,
under mild restrictions, the relative Morse index is congruent to 0 modulo 4 in case of the
torus bundle over S1. For this computation, Kirk and Klassen [16] applied the result of
Yoshida [23] to the case of Dehn surgery.
However, Floer homology groups for general rational homology 3 spheres have not yet
been defined in the way as we need. The main difficulty lies in the existence of reducible
SU(2) flat connections. As seen in the definition of the Casson–Walker invariant [22], we
can make all the critical points of Chern–Simons functional nondegenerate, if we perturb
the functional. Since the critical point set obtained in this way depends on the choice of this
perturbation [19], we can not define directly the Floer homology groups for general rational
homology 3 spheres. Fortunately, when we consider the Casson–Walker knot invariant
and its gauge theoretic version, we can neglect the contribution from the reducible flat
connections, and so, |χ(f )| is independent of the choice of the perturbation of f .
The author hopes that our result gives a first step to find an appropriate generalization
of Floer’s exact triangle to rational homology 3 spheres and to apply it to the explicit
calculation of the Floer homology groups for rational homology 3 spheres.
1. Casson’s invariant for knots
1.1. Basic definitions
Casson’s invariant is a topological invariant of oriented homology 3 spheres. For
simplicity we call such manifold ZHS. As is well known, any 3-dimensional manifold
has Heegard splitting. Namely there exist a handlebody W and its copies W1, W2, and an
orientation reversing diffeomorphism h from ∂W1 to ∂W2, such that
M =W1 ∪h W2.
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We denote ∂W1 = ∂W2 byΣ . For any ZHS M , λ(M) is defined roughly in the following
way [2]: We take an arbitrary Heegard splitting of M , (W1,W2,h). By inclusions, the
following sequences of SU(2) representation spaces of fundamental groups are induced.
R(W1)
R(Σ) R(M)
R(W2)
By Van Kampen’s theorem, we see that R(M)=R(W1) ∩R(W2). Outside the singular
point set (the set of reducible representations),R(Σ) is a symplectic manifold, and R(W1)
and R(W2) are Lagrangian submanifolds of R(Σ) (see [15]). If M is a ZHS, trivial
representation is the unique intersection of R(W1) and R(W2) in the singular point set.
For the definition of λ(M), we do not take this into account.
In general, intersections of R(W1) and R(W2) may not be transverse. But from the fact
that M is a ZHS, we can perturb these subspaces into transversal position by compactly
supported ambient isotopy onR(Σ). We can also conclude that the intersection is compact,
so (after performing isotopy) the intersection consists of finite points. From now on, we
also denote R(W2) for isotoped subspace of itself and we always assume transversality.
Fixing orientations of M and SU(2), orientations of R(W1), R(W2), and R(Σ) are
determined. Then, at each intersection point of R(W1) and R(W2), topological intersection
number (±1) becomes well defined.
Definition 1.1.1. We define Casson’s invariant λ(M) of M to be half of the topological
intersection number of R(W1) and R(W2) in R(Σ).
Next we review the definition of Dehn surgery along a knot. Let M be a 3 manifold and
K be a knot in M . We denoteN(K) for tubular neighborhood of K . We can take canonical
basis of H1(∂N(K);Z)∼= Z⊕ Z called meridian (µ) and longitude (λ). Dehn surgery of
M along K is a 3 manifold constructed from N(K) and M \N(K) by using an orientation
preserving diffeomorphism h of their boundaries to attach them together.
Definition 1.1.2. +1/1 Dehn surgery M ′ is the manifold given by the diffeomorphism h
such that
h∗(µ)= µ+ λ, h∗(λ)= λ. (1.1.1)
0/1 Dehn surgery M ′′ is the manifold given by the diffeomorphism h such that
h∗(µ)= λ, h∗(λ)=−µ. (1.1.2)
In case when M is a ZHS, Meyer–Vietoris exact sequence implies that M ′ is a ZHS, and
M ′′ is a homology S1 × S2 (with Z coefficient). The generator of H1(M ′′) is represented
by the core circle of N(K).
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1.2. Casson’s knot invariant λ′(K)
We review Dehn surgery formula of Casson’s invariant. Let M , M ′ and K be as in the
preceding section. We denote ∆K(t) for symmetrized Alexander polynomial of K . Casson
showed the next equality.
λ(M ′)− λ(M)= 12∆′′K(t)|t=1. (1.2.1)
Here the right hand side is the value at t = 1 of the second derivative of ∆K(t).
Definition 1.2.1. We call (1.2.1) Casson’s knot invariant λ′(K) for the knot K in M .
λ′(K) is known to be equal to the intersection number between so-called difference cycle
δ and R(W2) in R(Σ). To describe the difference cycle δ, we must choose an appropriate
Heegard splitting corresponding to K [2]. Let us take a Seifert surface F ′ of K and identify
its tubular neighborhood in M with F ′ × I (I = [0,1]). By attaching many 1-handles to
F ′ × {1} and drill from F ′ × {0} to F ′ × {1} and through the cores of 1-handles which were
attached to F ′ × {1}, we get an Heegard splitting of M . Here the holes from F ′ × {0} to
F ′ × {1} must not be knotted. This handlebody is also a direct product F × I , where F is
also a Seifert surface of K . We put W1 = F × I and let W2 be its complement.
Definition 1.2.2. We call the pair (W1,W2) a Heegard splitting corresponding to K .
We denote the boundary surface of W1 by Σ . Σ is composed of three parts:
Σ = F × {1} ∪K × I ∪F × {0}. (1.2.2)
We identify K with K × {1/2}. It is a bounding simple closed curve of Σ (see Fig. 1).
In the rest of this section, we describe the difference cycle δ explicitly. We take a curve
K ′ which is isotopic to K in the interior of W1. The +1/1 surgery of W1 along K ′ is
denoted by W ′1. Remark that
R(Σ)= {(ρ1, ρ2) ∈R(F)×R(F) | ρ1(K)= ρ2(K)}.
We also describe R(W ′1) and R(W1) as subspaces of R(F)×R(F).
Because W1 is a direct product F × I , we can see immediately that
R(W1)=
{
(ρ,ρ) | ρ ∈R(F)}.
Fix an element g of π1(Σ) which lies in the part F × {1} of (1.2.2). As in Fig. 2, let g′
be the element corresponding to g running through inner side of K ′. Clearly any element
of R(W ′1) has the same value at g and g′. When we calculate the second component of an
element ρ of R(W ′1) whose first component is ρ1 ∈ R(F), we take the value of ρ at the
element g′′ of π1(Σ) running along Σ corresponding to g. The difference between g′ and
g′′ is a return trip along the rounding curve m of K ′ (see Fig. 2). Therefore, as an element
of π1(W ′1), g′′ is mg′m−1.
So with respect to ρ = (ρ1, ρ2) ∈ R(W ′1)⊂R(F)×R(F), we obtain
ρ2(g)= ρ(m)ρ1(g)ρ(m)−1 = Adρ(m) · ρ1(g) (1.2.3)
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Fig. 1.
Fig. 2.
for any g ∈ π1(F ). By definition of +1/1 surgery, (1.1.1), the curve m belongs to the
homology class µ+ λ on ∂N(K)∼= T 2. Therefore we obtain
ρ(m)= ρ(λ)= ρ1(K).
Therefore
R(W ′1)=
{
(ρ1,Adρ1(K) · ρ1) | ρ1 ∈ R(F)
}
. (1.2.4)
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In the sequel of this chapter, let us use the notation R̂(W∗) to clarify that we consider
the space of conjugacy classes. Here we regard R̂(W∗) as the cycle defined as the image
by restriction to Σ . In particular, R̂(W∗) is a double covering of its image. By definition of
Casson’s invariant
λ(M ′)= 12
〈
R̂(W ′1), R̂(W2)
〉
,
λ(M)= 12
〈
R̂(W1), R̂(W2)
〉
.
Here 〈, 〉 means topological intersection number in R̂(Σ). Combined with (1.2.1), in
principle, λ′(K) can be obtained by computing intersection number between R(W2) and
the “difference cycle” R(W ′1)−R(W1).
Definition 1.2.3. We define
R−(K)=
{
ρ ∈ R(Σ) | ρ(K)=−1},
R′− =
{
ρ ∈R(F) | ρ(K)=−1}.
In this paper, we denote the identity of SU (2) by 1. Then we have
R−(K)= R′− ×R′−.
We can show that, in R(Σ),
R−(K)∩R(W1)=
{
(ρ′, ρ′) | ρ′ ∈ R′−
}=R−(K)∩R(W ′1).
We define the isotopy ht :R(Σ) → R(Σ) as follows. We first fix an Ad-invariant,
smooth cut-off function g : SU(2)→[0,1], such that g = 1 outside a small neighborhood
of −1, and g = 0 at −1. Then
Definition 1.2.4. We define
ht (ρ,ρ)=
(
ρ,Adρ(K)g(ρ(K))t · ρ)
for ρ ∈R(F), and 0 t  1.
Clearly ht descends to an isotopy of R̂(Σ). As t moves from 0 to 1, ht carries R(W1) to
R(W ′1) outside a neighborhood of R−(K). We can take this neighborhood arbitrarily small
if we define g appropriately. Therefore, we can localize the difference between R̂(W ′1)
and R̂(W1) to the difference cycle δ whose homology class belongs to the image of the
homomorphism
i∗ :H∗
(
R̂−(K);Z
)→H∗(R̂(Σ);Z)
induced by inclusion. Akbulut and McCarthy [2] gave an explicit description of δ as a cycle
on R̂−(K) as follows. We define the map f :R′− × SU(2)→R−(K) by
f (ρ′, u)= (ρ′,Aduρ′). (1.2.5)
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SO(3) acts on both R′− × SU(2) and R−(K)= R′− ×R′− by the conjugate action on each
component. With respect to this action, f is equivariant. We denote fˆ for the induced map
on the quotient spaces. Then description of the difference cycle δ is as follows:
Proposition 1.2.1 (Akbulut and McCarthy [2]). Let us put
δ− = fˆ ̂
(
R′− × SU(2)
) ∈H3g−3(R̂−(K);Z).
Then
δ = i∗(δ−) ∈H3g−3
(
R̂(Σ);Z).
1.3. Difference cycle from gauge theoretic viewpoint
At first, we review the results by Floer and Braam–Donaldson concerning the effect of
Dehn surgery to instanton homology. This part owes heavily to [5]. Let M , M ′, M ′′ be as
above. Since M ′′ is a homology S1 × S2, we need to define the Floer homology of M ′′.
Definition 1.3.1. We call a principal SO(3) bundle PM ′′ →M ′′ admissible if and only if
w2(PM ′′ ) is not 0 as a map
H2(M
′′;Z)→ Z2.
Definition 1.3.2. The restricted gauge groupGs(PM ′′ ) of PM ′′ is the subgroup of the gauge
group of PM ′′ which is composed of gauge transformations which are homotopic to the
identity over the 1-skeleton of M ′′. In other words, these are gauge transformations of PM ′′
which can be lifted to SU(2) gauge transformations.
Definition 1.3.3. We denote R̂(M ′′) for the quotient of the space of flat connections on
PM ′′ divided by Gs(PM ′′ ). If we choose this gauge group, then the stabilizer of each flat
connection becomes trivial. Hence R̂(M ′′) becomes a smooth manifold.
An equivalent way to obtain the space R̂(M ′′) is the following formulation B:
(1) We take a (trivial) SU(2) bundle over the complement in M ′′ of the core circle of
the tubular neighborhood N(K) of K . We consider flat connections on this bundle
whose holonomy around a small linking circle of the core circle is −1. From the
definition of 0/1 surgery, this small linking circle is identified to the longitude curve
(in knot complement).
(2) Take the quotient of the space of flat connections in 1 by SU(2) gauge transformation
group.
We denote W ′′1 for the 0/1 surgery of W1 along K ′ which appeared in Section 1.2. If
a trivialization over ∂W ′′1 does not extend to that over W ′′1 , we call the pair of this SO(3)
bundle over W ′′1 and its trivialization over ∂W ′′1 relatively nontrivial bundle. If we attach
the relatively nontrivial bundle over W ′′1 and the trivial bundle over W2, we obtain the
nontrivial SO(3) bundle over M ′′.
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Now we review Floer’s triangle. We consider the space of connections on PM ′′ and
divide it by the restricted gauge group Gs(PM ′′ ). Then using Morse theory of Chern–
Simons functional on this infinite-dimensional manifold, we obtain Floer homology ofM ′′,
HF∗(M ′′). There are standard, oriented, surgery cobordismsC1 fromM ′ toM andC2 from
M to M ′′. These cobordisms C1, C2 induce homomorphisms on the Floer homologies of
M ′, M , M ′′:
HF∗(M ′) HF∗(M)
HF∗(M ′′)
(1.3.1)
The main result of Floer [9] and Braam and Donaldson [5] is that this sequence (1.3.1)
is exact. (1.3.1) is called Floer’s triangle. To prove this, we must study the gluing of
(projectively) ASD connections over these cobordisms. For more details, we refer to [5].
The aim of this section is to show the following
Proposition 1.3.1. The following two spaces coincide as cycles in R̂(Σ):
(1) The difference cycle δ which is described in Proposition 1.2.1.
(2) Twice of the image by restriction map to Σ of the space of gauge equivalence classes
of SU(2) flat connections on the (trivial) SU(2) bundle over the complement of K ′
in W ′′1 , whose holonomy along a small linking circle of K ′ is −1 (open version of
the formulation B).
Proof. Let us compute the second space. We use our method to describe R(W ′1), R(W1)
by Dehn surgery. By the relation (1.2.3), we have
ρ2(g)= Adρ(m) · ρ1(g). (1.3.2)
Here g is an element of π1(F ), and m denotes the small linking circle around the tubular
neighborhood of K ′, N(K ′) (we use the same notation as in (1.2.3)). By definition of 0/1
surgery (1.1.2), this circle m⊂W ′′1 −N(K ′) is identified with the core circle K ′ in N(K ′).
As is remarked in Section 1.1, this circle represents the generator of H1(W ′′1 ;Z)∼= Z. It is
a torsion free element, so we can make a free choice for the value at m of an element of (2).
We denote it by u ∈ SU(2). Then the above relation (1.3.2) means the following:
Lemma 1.3.1. For any element ρ = (ρ1, ρ2) ∈R(F)×R(F) of the space (2), we have
ρ2(g)= Adu · ρ1(g). (1.3.3)
Here g ∈ π1(F ), and we can take u ∈ SU(2) arbitrarily.
Compared with the description of the difference cycle δ (Proposition 1.2.1), Lemma 1.3.1
implies Proposition 1.3.1 immediately. ✷
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If we take intersection, in R̂(Σ), between the space in Proposition 1.3.1(2) and R̂(W2),
we obtain the space R̂(M ′′) of gauge equivalence classes of SO(3) flat connections on PM ′′
which was given by the formulation B . Thus we get
Corollary 1.3.1. The following two spaces coincide as cycles in R̂(Σ):
(1) The intersection, in the space R̂(Σ) of representations of π1(Σ), between the
difference cycle δ and the representation space R̂(W2) of π1(W2).
(2) Twice of the cycle R̂(M ′′) of gauge equivalence classes of SU(2) flat connections
with singularity given by the formulation B .
Remark that the decomposition
M ′′ =W ′′1 ∪h W2 (1.3.4)
is not a Heegard splitting. While, in case of M ′, the decomposition
M ′ =W ′1 ∪h W2
is also a Heegard splitting. If we take a diffeomorphism from W ′1 to W2, the attaching map
h from ∂W ′1 to ∂W2 is replaced by the composition of h and the Dehn twist along K . We
can obtain the description of R(W ′1) in (1.2.4) also by this method [2]. However, if we
insist on using this method in case of 0/1 surgery, we can not derive the description of
Lemma 1.3.1.
2. Gauge theoretic arguments
2.1. Chern–Simons theory over 0/1 surgery
In this section we modify the method of Taubes [21] and show that it can be applied to
the case of nontrivial SO(3) bundle PM ′′ over 0/1 surgeryM ′′ of ZHS M along the knotK .
We put
A(PM ′′) := the space of SO(3) connections on PM ′′ ,
Gs(PM ′′ ) := the restricted gauge group on PM ′′ ,
B(PM ′′ ) :=A(PM ′′)/Gs(PM ′′ ).
We fix an arbitrary irreducible flat connection A0. For A ∈A(PM ′′), we define
c(A) :=
∫
M ′′
tr(A−A0)∧ FA − 23 (A−A0)3. (2.1.1)
Exterior differentiation f of c at A becomes the curvature FA of A. In other words, as a
1-form on A(PM ′′)
fA(a)=
∫
M ′′
tr(a ∧ FA)
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for a ∈ TAA(PM ′′) ∼=Ω1(adPM ′′ ). fA is a pull back of a 1-form on B(PM ′′ ). Hence the
critical point set of c is the space of flat connections, R̂(M ′′). We fix a metric of M ′′ and
invariant inner product of so(3). It induces an L2 metric on A(PM ′′ ). Then we can regard
f as a vector field on A(PM ′′ ), and we have
fA = ∗FA ∈ TAA(PM ′′).
The covariant differentiation of f is a symmetric linear endmorphism of TAA(PM ′′ ):
∂f |A(a)= ∗dAa
for a ∈ TAA(PM ′′).
Tangent space of B(PM ′′ ) at [A] can be identified with the orthogonal complement TA
of TA(GsA) in TAA(PM ′′). The space TA can be described by
TA =
{
a ∈ TAA(PM ′′) | d∗Aa = 0
}
. (2.1.2)
Composing orthogonal projection to TA and ∂fA, we have an element ∇fA of End(TA).
Definition 2.1.1. We call ∇fA the Chern–Simons Hessian.
f is said to be nondegenerate if ∇f has no zero eigenvalue at each zero point of f
in B(PM ′′ ). Later we show that the index of ∇fA is 0, and that, after making generic
perturbation, f is nondegenerate. Particularly, zero set of f is discrete. We use the method
of Definition 1.4 in [21] to construct the perturbation f ′ of f . We take an embedding
ϕγ :S
1 × D2 → M ′′ and a smooth function η :D2 → [0,1] with total integral 1. For
A ∈ A(PM ′′), we denote the trace of holonomy along the loop ϕγ (·, y)(y ∈ D2) by
pγ [y;A]. Then we put
pγ [A] =
∫
D2
pγ [y;A]η(y)dy
for [A] ∈ B(PM ′′ ). pγ is infinitely differentiable with respect to the L21 Hilbert manifold
structure of B(PM ′′ ). We fix finite embeddings {ϕγ }Nγ=1 and a smooth function g :RN →
R. Then we define a function µ on B(PM ′′ ) by
µ= g({pγ }Nγ=1).
Definition 2.1.2. A perturbation f ′ = f + dµ of f is called admissible if ker(∇f ′)= 0 at
each zero point of f ′.
We assume that the homotopy classes of {ϕγ }Nγ=1 generate π1(M ′′). Then
Lemma 2.1.1. {ϕγ }Nγ=1 can be chosen so that the following conditions hold:
(1) (⊕Nγ=1 ker(dpγ |[A]))∩ ker(∇f |[A])= 0 for every [A] ∈ R̂(M ′′).
(2) The functions on B(PM ′′ ), {pγ ;γ = 1,2, . . . ,N}, separate the points in R̂(M ′′).
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(3) The image of reducible connections under {pγ ;γ = 1,2, . . . ,N} is disjoint from the
image of the set of irreducible flat connections.
Note that, to prove the first assertion of Lemma 2.1.1, we use the compactness of the
difference cycle δ. Since we choose {ϕγ }Nγ=1 so that their homotopy classes generate
π1(M ′′), the points of R̂(M ′′) are separated from each other by µ if we choose g
appropriately.
Define a section f˜ of TB(PM ′′ )→B(PM ′′ )×RN which sends ([A], {sγ }Nγ=1) to
f˜
([A], {sγ })=(f + d(µ · N∑
γ=1
sγ pγ
))∣∣∣∣[A].
Here we use abbreviated notation TB(PM ′′ ) to denote the pullback of the tangent bundle
TB(PM ′′ ) to B(PM ′′ )× RN . Lemma 2.1.1 insures that this section f˜ is transverse to the
zero section at the points in f−1(0)× {0} ⊂ B(PM ′′ )×B(ε). Here we denote the ε-ball in
RN by B(ε). By continuity, we obtain the following
Lemma 2.1.2. If ε is small enough andN is a sufficiently small neighbourhood of f−1(0),
then the section f˜ is transverse to the zero section on N ×B(ε).
Combined with the Sard–Smale theorem, Lemma 2.1.2 implies the following
Lemma 2.1.3. For a generic {sγ } in B(ε), the section f ′ = f + d(µ ·∑Nγ=1 sγ pγ ) of
TB(PM ′′ ) has a finite number of transversal zeros on B(PM ′′ ).
Given a smooth 1-parameter family of self-adjoint elliptic operators, as running along
the family, the spectrum near zero draw some curves.
Definition 2.1.3. The number which is given by subtracting the number of curves crossing
0 level downward from the number of curves crossing upward is invariant under a
homotopy of path. We call this number spectral data along the path.
From general L2 theory, we have
Proposition 2.1.1. The assignment to each gauge equivalence class of irreducible
connection on PM ′′ of (admissibly perturbed) Chern–Simons Hessian ∇f ′ associated to
the class
[A] → ∇f ′A
gives a smooth map from B(PM ′′ ) to the space of self adjoint operators on a separable
Hilbert space. If [A1], [A2] are nondegenerate zero points of f ′, the spectral data gives
a locally constant function on the space of paths in B(PM ′′ ) from [A1] to [A2]. It is
independent mod 8 of choice of the path.
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Definition 2.1.4. Suppose we take an admissibly perturbed section f ′. Let Z be the finite
set of zero points of f ′ in B(PM ′′ ). For each element [A], [A′] of Z, let
∆(A,A′)=±1
be the parity of the spectral data determined by [A] and [A′]. Then we define∣∣χ(f )∣∣= ∣∣∣∣ ∑
[A′]∈Z
∆(A,A′)
∣∣∣∣.
χ(f ) is the quantity depending only on the differential structure of M ′′, and it is to be
regarded as the absolute value of the Euler characteristic of HF∗(M ′′). In [21] (the case
of trivial bundle), we can take the trivial connection as A. Hence in that case there is a
canonical way to define χ(f ). Such a canonical choice of A does not exist in our case
where the bundle is nontrivial. Therefore we only consider |χ(f )| in this paper.
2.2. Gauge theory associated to Heegard splitting
The difference cycle δ was described using the Heegard splitting corresponding to the
knot K , (1.3.4). Hence, to compare λ′(K) and χ(f ), we must take into account of this
particular Heegard splitting. For later use, we take a small product neighborhood of Σ in
M ′′, W0 =Σ × I .
For each suffix α (= 0,1,2), we take SO(3) bundles over Wα as in Section 1.3, and we
denote the space of connections on PM ′′ |Wα by Aα . Inclusions (j1, j2) :W0 →W ′′1 , W2,
and (i1, i2) :W ′′1 , W2 →M ′′ induce an exact sequence:
A
I
A1 ×A2 J A0 ×A0, (2.2.1)
here I = (i∗1 , i∗2 ) and J = (j∗1 , j∗2 ). Then I is embedding, J is submersion, and we have
Image(I)= J−1(∆),
here ∆ denotes diagonal in A0 ×A0. On PM ′′ |W ′′1 , PM ′′ |W2 , and PM ′′ |W0 the gauge groups
Gs(PM ′′ |W ′′1 ), G(PM ′′ |W2), and G(PM ′′ |W0) act, respectively.
Definition 2.2.1. We denote Gα for these groups, and Bα for the quotients of Aα by Gα .
We also denote A0α , B0α for the sets of irreducible connections and their gauge equivalence
classes, respectively. The case α = φ is to mean the case of M ′′.
Lemma 2.2.1. B0, B0α are Hilbert manifolds modeled on L21 Hilbert spaces. The
projections
A0 → B0, A0α →B0α
become principal G/±1, Gα/±1 bundles, respectively. The tangent spaces at [A] is
TαA =
{
a ∈Ω1(adPM ′′ |Wα) | d∗Aa = 0, i∗(∗a)= 0
}
, (2.2.2)
here i∗ denotes restriction to the boundary. This gives local coordinate of B0α at [A].
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Taking gauge quotients of (2.2.1), we get the following exact sequence
B0 → B01 ×B02 → B00 ×B00 . (2.2.3)
Lemma 2.2.2. Linearization of (2.2.3) is an exact Fredholm complex:
0 TA Φ T1A1 × T2A2 Ψ T0A0 0, (2.2.4)
here Φ = I∗, Ψ = (j∗1 )∗ − (j∗2 )∗, and we denote Aα for the restrictions of A.
In case of open manifold, f does not necessarily satisfy the Neumann boundary
condition i∗(∗a)= 0 of (2.2.2). Hence f is not necessarily a section of the tangent bundle
of B0α . If we put
LαA =
{
a ∈Ω1(adPM ′′ |Wα) | d∗Aa = 0
}
for [A] ∈ B0α , then these are gauge equivariant subspaces of Ω1 and make up subbundles
Lα →B0α of (Aα ×Ω1)/Gα . We may regard fα as a section of Lα . Then restriction maps
induce the following exact Fredholm complex:
0 LA Φ L1A1 ×L2A2 Ψ L0A0 0. (2.2.5)
Definition 2.2.2. An admissible perturbation f ′ = f + dµ of f in Definition 2.1.2 is
called compatible if the image of the embeddings {ϕγ } which we took for Definition 2.1.2
lie in the union of W0 and the tubular neighbourhood of the core circle K ′.
Definition 2.2.3. We define
m′α = f ′−1α (0), m′0α = f ′−1α (0)∩B0α.
We suppose that the admissible perturbation of f is compatible. Since dµ[A] is an
ad(PM ′′ ) valued 1 form with a compact support in the image of {ϕγ }, we can show the
following
Lemma 2.2.3. f ′α is a smooth section of Lα →B0α , and
Φf ′ = (f ′1, f ′2)I,
(
Ψ (f ′1,0), Ψ (0, f ′2)
)= (f ′0, f ′0)J,
m′ = I−1((m′1 ×m′2) ∩ J−1(∆)).
Covariant derivative of f ′α , ∇f ′α :Tα → Lα (perturbed Chern–Simons Hessian) has the
following properties. The points different from [21] are the index and transversality in case
of α = 1 (case of relatively nontrivial bundle). We consider these points in the next section.
Proposition 2.2.1. Let Aα be an irreducible connection on PM ′′ |Wα .
(1) ∇f ′αA :TαA → LαA is a bounded Fredholm operator (with metric L21,L2, respec-
tively) whose index d is 0 (α = φ), 3g− 3 (α = 1,2), 6g− 6 (α = 0).
(2) ∇f ′αA −∇fαA is compact.
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(3) The assignment [A] → ∇f ′αA defines a smooth section over B0α of the fibre bundle
Fredd(Tα,Lα) of Fredholm operators.
Proposition 2.2.2. We define differential structure of m0α by identifying it with SU(2)
representation space of the fundamental group of each base manifold. Then m0α is an
embedded smooth submanifold of B0α .
2.3. Transversality and index of ∇f ′1
At first, by Stokes’ theorem, we can conclude the following
Lemma 2.3.1. We take an irreducible flat connection A. Then
Coker∇f1A =H 1A(W ′′1 , ∂W ′′1 ), (2.3.1)
here H 1A denotes twisted cohomology defined by the flat connection A.
Proposition 2.3.1. For an irreducible flat connection A
H 1A(W
′′
1 , ∂W
′′
1 )= 0. (2.3.2)
Proof. Pick up the following part of Meyer–Vietoris exact sequence for the pair (W ′′1 −
N(K),N(K))∼= (F × I,D2 × S1):
→H 2A(W ′′1 )→ 0
→H 1A(W ′′1 )→H 1A(F × I)⊕H 1A(D2 × S1)→H 1A(S1 × I)
0 →H 0A(W ′′1 )→H 0A(F × I)⊕H 0A(D2 × S1)→H 0A(S1 × I).
The generators of H 1A(D
2 × S1) and H 1A(S1 × I) are represented by the “constant”
1-forms in S1 direction with values in the centralizer of the holonomy of A along the
core circle of N(K). Hence, by definition of 0/1 surgery, the generator of H 1A(D
2 × S1)
goes to 0 in H 1A(S1 × I). However the exact sequence for the pair (F, ∂F ) implies that
H 1A(F × I)→H 1A(S1 × I) is surjective. Hence we conclude that H 2A(W ′′1 )= 0. Poincaré
duality implies (2.3.2). ✷
It follows from (2.3.1) and (2.3.2) that Coker∇f1A vanishes and transversality holds for
the cycle of flat connections on PM ′′ |W ′′1 . Thus Proposition 2.2.2 is proved.
The index of ∇f1A is independent of the choice of irreducible flat connection A. So in
particular, we can assume A is irreducible on W0 ∩W ′′1 . We consider the following long
exact sequence of the dA-twisted cohomology for the pair (W ′′1 , ∂W ′′1 ):
→H 2A(W ′′1 , ∂W ′′1 )→H 2A(W ′′1 )→H 2A(∂W ′′1 )
→H 1A(W ′′1 , ∂W ′′1 )→H 1A(W ′′1 )→H 1A(∂W ′′1 )
0 →H 0A(W ′′1 , ∂W ′′1 )→H 0A(W ′′1 )→H 0A(∂W ′′1 ).
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Here H 0 are all 0 (because A is irreducible). Applying Poincaré duality to ∂W ′′1 and
combining the fact that the Euler number of ∂W ′′1 is 2− 2g, we can conclude that
H 2A(∂W
′′
1 )= 0, dimH 1A(∂W ′′1 )= 6g− 6.
Applying Poincaré duality once more to the pair (W ′′1 , ∂W ′′1 ), we see
dimH 1A(W ′′1 )− dimH 1A(W ′′1 , ∂W ′′1 )= 3g− 3. (2.3.3)
We can show the following as an easy consequence of variational problem:
ker∇f1A =H 1A(W ′′1 ). (2.3.4)
Combining (2.3.1)–(2.3.4), we conclude that
index∇f1A = dim ker ∇f1A − dim coker∇f1A
= 3g− 3.
Hence the first assertion of Proposition 2.2.1 is proved.
2.4. Comparison of |λ′(K)| and |χ(f )|
In this section, we compare the spectral data associated to a path of operators ∇fA
(Definition 2.1.4) and the intersection number in m00. Recall that, to define λ′(K), we
took a compactly supported isotopy in m00 to make the intersection δ ∩ m02 transversal.
Correspondingly, we choose the perturbation f ′ as follows:
Lemma 2.4.1. We can choose an admissible and compatible perturbation f ′ of f so that
the zero set of f ′α , m′α , differs from mα by a small ambient isotopy ofBα with support which
is apart from Bα \B0α .
Proof. What must be shown is that we can choose the embeddings {ϕγ }Nγ=1 with image
in the union of W0 and the tubular neighbourhood N of K ′. In Lemma 2.1.1, the only
requirements for the choice of {ϕγ } is that their homotopy classes generate π1(M ′′). Since
the induced map π1(W0 ∪N)→ π1(M ′′) is surjective, Lemma 2.4.1 follows. ✷
Let M be a ZHS and K be a knot in M . We take the pair (W ′′1 ,W2) as in (1.3.4), take
relatively nontrivial SO(3) bundle PM ′′ |W ′′1 over W ′′1 , and define Chern–Simons functional
for the bundles over M ′′,W ′′1 ,W2 as in (2.1.1).
Definition 2.4.1. For the family of self-adjoint Fredholm operators ∇f ′(∗) parametrized
by a path in B0 from [A] to [A′], we define the mod 2 spectral data ∆2(A,A′) for ∇f ′
between [A] and [A′] by
∆2(A,A
′)= 0 iff ∆(A,A′)=+1,
∆2(A,A
′)= 1 iff ∆(A,A′)=−1,
here ∆(A,A′) denotes the spectral data in Definition 2.1.4.
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Let [A], [A′] ∈ B0 be two points in m′, and [A0] = j∗1 i∗1 [A], [A′0] = j∗1 i∗1 [A′] be their
restrictions. Then we obtain
Theorem 2.4.1. The mod 2 spectral data ∆2(A,A′) for ∇f ′ between [A] and [A′] is 0 if
and only if the local intersection number at [A0] of δ ∩m′02 ⊂m′00 agrees with that at [A′0].
Combining Theorem 2.4.1 with Corollary 1.3.1 and Definition 2.1.4, we obtain our
Theorem 2.4.2 (Main Theorem). The following equality holds:
2
∣∣λ′(K)∣∣= ∣∣χ(f )∣∣.
Proof of Theorem 2.4.1. We introduce a Fredholm operator which comes with the
decomposition (1.3.4). The Hilbert spaces concerned are
E0A = T1A ⊕ T2A ⊕L0A, E1A = L1A ⊕L2A ⊕ T0A,
here we do not distinguish a connection and its restriction. The operator we consider is
HA :E0A → E1A such that
HAω=
(∇f ′1|Aa1,∇f ′2|Aa2, Y (a1, a2)− (∇f ′0|A)∗u0), (2.4.1)
here ω= (a1, a2, u0) ∈ E0A, and Y is a modification of Ψ (in Section 2.2) which is compact,
and the adjoint operator (∇f ′0|A)∗ :L0A → T0A is defined using integration by parts. We
can show that HA is a Fredholm operator with index 0 and defines a smooth section H
of the bundle Fred0(E0, E1)→ B0 whose fiber over [A] ∈ B0 is a Banach manifold of
bounded Fredholm operators of index 0 from E0A to E1A. Since this bundle is trivial, fixing
its trivialization, H defines a smooth map h from B0 to the Banach space F0 of real
bounded Fredholm operators of index 0 on a separable Hilbert space. As is easily seen, F0
is the classifying space for real K-theory. So, by the map h, the first Stiefel–Whitney class
ω1 ∈H 1(F0;Z/2) is pulled back to the class h∗ω1 ∈H 1(B0;Z/2). h∗ω1 is the “Poincaré
dual” to the (codimension 1) subspace F10 ∈F0 of operators with nonempty kernel in the
following sense: we choose a loop
ϕ : [0,1]→ B0
such that the loop hϕ : [0, 1]→F0 intersects with F10 transversely in a finite point set. The
mod 2 cardinality of this set is the evaluation of h∗ω1 on the loop ϕ. Since h∗ω1 = 0 by the
index theorem for family, the mod 2 cardinality ∆1 of intersections between F10 and the
image by h of a path in B0 from [A] to [A′], depends only on the end points [A], [A′] ∈ B0.
Then we have
Proposition 2.4.1. Let [A], [A′] ∈m′0. Then the intersection numbers between δ and m′02
in m′00 at their intersection points [A0], [A′0] ∈m′0 coincide if and only if the above mod 2
cardinality ∆1 is 0.
Proof. Suppose X1,X2 are finite-dimensional oriented submanifolds of X0 with comple-
mentary dimension. Let p0,p1 ∈X1 ∩X2 be transverse intersections. Relative sign of the
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intersection numbers at p0 and p1 is calculated by choosing a smooth triple (λ0,V , k)
where λ0 : [0,1]→X0 is a path such that λ0(0)= p0, λ0(1)= p1, V is a smooth oriented
vector bundle over [0,1], and k :V → λ∗0TX0 is a bundle homomorphism. We assume that
this triple has the following properties:
(1) At t = 0,1, k: V |0,1 ∼= λ∗0(T X1 ⊕ TX2)|0,1 is an orientation preserving isomor-
phism.
(2) The section det(k) of ∧top(λ∗0TX0)⊗∧top V is transverse to the zero section.
It follows that det(k)−1(0) is a finite point set. The relative orientation of k(V ) =
λ∗0(T X1 ⊕ TX2) and λ∗0(T X0) at t = 0,1, is the mod 2 cardinality of det(k)−1(0).
Let [A], [A′] ∈m′0. We put
(X0,X1,X2)=
(
m′00 , δ,m
′0
2
)
.
Choose a smooth path λ0 ⊂ m′00 from [A] to [A′]. We lift λ0 to a path λ in B0. We
denote λ1, λ2 for the restriction of λ to W ′′1 ,W2, respectively. Then we can make the
identification ker∇f ′0|λ0 ∼= λ∗0Tm′00 . Moreover, at p0,p1, ker∇f ′1 ∼= T δ′ and ker∇f ′2 ∼=
Tm′02 (as oriented vector spaces). Let us take an oriented vector bundle over [0,1]
V = λ∗1
(
ker∇f ′1|λ1
)⊕ λ∗2(ker∇f ′2|λ2). (2.4.2)
And let k :V → λ∗0TX0 be a bundle homomorphism which is the restriction to V of
L2 orthogonal projection Π :λ∗0T0 → λ∗0Tm′00 . (λ0,V , k) gives the relative intersection
number of δ and m′02 in m
′0
0 . By (2.4.1) and (2.4.2), det(k)= 0 at [A′′] ∈ λ if and only if
HA′′ has a 0 eigenvalue. Thus Proposition 2.4.1 follows. ✷
By inspection, we have
Proposition 2.4.2. The above mod 2 cardinality ∆1 coincides with the mod 2 spectral
data for the family H(∗) between [A] and [A′]. Hence the intersection numbers between
δ and m′02 in m
′0
0 at their intersection points [A0], [A′0] ∈ m′0 coincide if and only if the
mod 2 spectral data for the family H(∗) between [A] and [A′] is 0.
To obtain Theorem 2.4.1, we compare this mod 2 spectral data ∆1 for the family
H(∗) with the mod 2 spectral data ∆2 for the family ∇f ′(∗). We first define the following
operators also associated with the decomposition (1.3.4):
Q1,2A :T1A ⊕ T2A →L1,2A, Q0A :T0A → L0A, (2.4.3)
Q1,2A and Q0A are defined by using smooth cut off functions, so that they fit into
the following commutative diagram of Fredholm bundle maps (precise description of
Q1,2A and Q0A is similar to (6.7) and (6.11) in [21], so we omit them). The rows are
sequences (2.2.4) and (2.2.5).
0 T
Φ
∇f ′
T1 ⊕ T2 Ψ
Q1⊕Q2
T0
Q0
0
0 L Φ L1 ⊕L2 Ψ L0 0
(2.4.4)
K. Masataka / Topology and its Applications 112 (2001) 111–135 131
Using operators Q1, Q2, Q0, we define an operator QA :E0A → E1A for [A] ∈B0 by
QAω =
(
Q1A(a1, a2),Q2A(a1, a2), Y (a1, a2)−Q∗0Av0
) (2.4.5)
for ω= (a1, a2, v0) ∈ E0A. Here we use the same notation as (2.4.1). Then
Proposition 2.4.3. QA has the following properties:
(1) QA −HA is compact (so index is not influenced).
(2) If f ′(A)= 0, then QA =HA.
(3) The assignment [A] →QA defines a smooth section Q over B0(PM ′′ ) of the fibre
bundle Fred0(E0,E1) of Fredholm maps of index 0. This section Q and the section
H of Fred0(E0,E1) are homotopic relative to f ′−1(0).
The proof of Proposition 2.4.3 is similar to that of Proposition 6.1 in [21] and is omitted.
By Proposition 2.4.3(3), mod 2 spectral data ∆1 for the family of H(∗) associated to
a path in B(PM ′′ ) coincides with that for Q(∗). By (2.4.5), this spectral data for Q(∗)
coincides with the number mod 2 of points (counted with sign) on the path in B(PM ′′ )
where Q0 fails to be surjective. By (2.4.4), this number coincides with the mod 2 spectral
data ∆2 for ∇f ′. Combined with Propositions 2.4.1 and 2.4.2, Theorem 2.4.1 is proved.
2.5. The case of rational homology sphere
The aim of this section is to extend our Main Theorem 2.4.2 to the case of a null
homologous knot in a rational homology 3 sphere. (We denote those 3 manifolds by QHS.)
So, let M be a QHS, and let K be a null homologous knot in M . As in Section 1, we denote
+1/1 Dehn surgery of M along K by M ′, and 0/1 Dehn surgery by M ′′. M ′′ is a rational
homology S1 × S2.
We define an admissible SO(3) bundle PM ′′ over M ′′ as in Definition 1.3.1, and we
define Chern–Simons functional on PM ′′ as in (2.1.1). If H1(M : Z) has no 2-torsion,
PM ′′ is uniquely determined. However, if H1(M : Z) has any 2-torsions, there are various
choices for PM ′′ . In this case, we assume that PM ′′ is the nontrivial SO(3) bundle such that
w2(PM ′′ ) is 0 on every 2-torsion of H2(M ′′ : Z). Our Euler characteristic is defined as the
Euler characteristic χ(f ) of the Chern–Simons gradient vector field f for PM ′′ .
Definition 2.5.1. We denote K0 for the core circle of N(K) and we also denote K1 for the
longitude curve in M \N(K).
As we saw in Section 1.3, under the 0/1 surgery description,
M ′′ = (M \N(K))∪∂N(K) N(K) (2.5.1)
the small linking circle of K0 is attached to K1.
Definition 2.5.2. We define R˜−(K) to be the space of flat connections on the trivial SU(2)
bundle over M ′′ \N(K)=M \N(K) whose holonomy along K1 is −1.
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The restriction of R̂(M ′′) to M \ N(K) is contained in R˜−(K). Since K is null
homologous in M , the holonomy along K1 of any reducible flat connection must be trivial.
Since holonomy map is continuous, we can choose a function µ (see Section 2.1) which
separates m from B \B0. Thus we obtain
Proposition 2.5.1. Every element of R̂(M ′′) is irreducible. Moreover, in the space R(Σ)
of flat connections on the trivial SU(2) bundle over Σ , the subspace of reducible flat
connections is apart from the restriction of R˜−(K) to Σ . In particular, the image of R̂(M ′′)
is disjoint from the singular strata in R(Σ).
Thus, we can define |χ(f )| as follows: Fix a flat connection on PM ′′ , A0. For each flat
connection A on PM ′′ , we can take a path λ in A(PM ′′ ) which connects A0 and A.
Proposition 2.5.2. If we take an admissible perturbation f ′ of f , we can make all the
critical points of f ′ nondegenerate. Moreover, f ′ can be chosen so that f ′ takes the same
values as f on the neighbourhood of B \B0.
Proof. The proof is similar to that of Lemma 2.1.3. Since every element ofm is irreducible
(Proposition 2.5.1), we do not need to consider the separation ofm fromB \B0. The second
assertion follows from the construction of f ′ (see Section 2.1). ✷
Using f ′ in Proposition 2.5.2, the spectral data of ∇f ′ along λ is well defined. It is
independent mod 8 of the choice of path λ connecting A0 and A (see Proposition 2.1.1).
So we denote this spectral data by ∆(A0,A). Let Z be the finite set of zero points of f ′.
Then we put∣∣χ(f ′)∣∣= ∣∣∣∣ ∑
[A]∈Z
∆(A0,A)
∣∣∣∣. (2.5.2)
By Proposition 2.5.2 and the fact that the oriented cardinality of boundary of an oriented
compact 1-dimensional manifold is 0, we can show the following
Proposition 2.5.3. The Euler characteristic (2.5.2) is independent of the choice of
admissible and compatible perturbation f ′ of f . Therefore (2.5.2) is a quantity which
depends only on the differential structure of M ′′.
Based on Proposition 2.5.3,
Definition 2.5.3. We denote |χ(f )| for |χ(f ′)| in (2.5.2).
As stated at the end of Section 2.1, |χ(f )| is to be regarded as the Euler characteristic
of HF∗(M ′′).
Next we consider the unnormalized Casson–Walker knot invariant λ¯′(K). It is defined
by
λ¯′(K)= λ¯(M ′)− λ¯(M). (2.5.3)
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Here λ¯ denotes the unnormalized Casson–Walker invariant for QHS [22, (2.2)].
In Section 1.2, we used a Seifert surface F of K to construct a Heegard splitting
corresponding to K , M = W1 ∪Σ W2. This splitting is essential for λ′(K) to be well
defined. So, in case of QHS, we use our assumption that K is null homologous. Using the
isotopy ht (Definition 1.2.4), we can define the difference cycle δ outside of the singular
strata of R̂(Σ). By the fact that h1 is a special isotopy [14] and special isotopy invariance
of λ, the following equality holds:
λ¯′(K)= 〈δ, R̂(W2)〉. (2.5.4)
Definition 2.5.4. We call λ¯′(K) the unnormalized Walker knot invariant for the knot K .
Remark. Usual Walker knot invariant for the knot K , λ′(K), is defined by
λ′(K)= λ¯′(K)/∣∣H1(M;Z)∣∣.
Here we state the main result of this section.
Theorem 2.5.1. Let M be a QHS and K be a null homologous knot in M . We construct
+1/1 surgery M ′, 0/1 surgery M ′′. If we define the Euler characteristic χ(f ) for the
Chern–Simons gradient vector field f on the admissible bundle PM ′′ by Definition 2.5.3,
then the following holds:
2
∣∣λ¯′(K)∣∣= ∣∣χ(f )∣∣.
Here λ¯′(K) denotes the unnormalized Casson–Walker knot invariant for K defined by
Definition 2.5.4.
Proof. The proof proceeds as follows.
(1) If we perform a special isotopy on R̂(Σ), the Walker knot invariant |λ¯′(K)|
is defined, and the equality (2.5.4) holds. To compute the intersection numbers
between δ and R̂(W2), it is sufficient to take a compactly supported isotopy on
R̂(Σ) by Proposition 2.5.1, and |λ¯′(K)| is independent of the choice of the isotopy.
(2) If we take an admissible and compatible perturbation f ′ of f , the Euler character-
istic |χ(f ′)| is defined, and |χ(f ′)| is independent of the choice of f ′ (Proposi-
tions 2.5.2, 2.5.3).
(3) By Proposition 2.5.1, there is no reducible representation in δ ∩ R̂(W2), and there
is no reducible element in R̂(M ′′). Hence, we can take a perturbation which
satisfies the condition in Lemma 2.4.1. The proof of this fact is similar to that of
Lemma 2.4.1.
(4) For a null homologous knot K in a QHS M , the equality in Corollary 1.3.1 holds:
δ ∩ R̂(W2)= R̂(M ′′). The proof of this fact is similar to that of Corollary 1.3.1.
(5) In our case, Theorem 2.4.1 also holds: Let [A], [A′] ∈ B0 be two points in m′, and
[A0] = j∗1 i∗1 [A], [A′0] = j∗1 i∗1 [A′] be their restrictions (contained in δ ∩m′02 ⊂m′00 ).
Then we can show that the mod 2 spectral data for ∇f ′ between [A] and [A′] is 0 if
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and only if the local intersection number at [A0] of δ ∩m′02 ⊂m′00 agrees with that
at [A′0]. The proof of this fact is similar to that of Theorem 2.4.1.
By the above 5 steps, the proof of Theorem 2.5.1 is complete. ✷
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